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ignal modeling for low-coherence
eight-scanning interference microscopy

eter de Groot and Xavier Colonna de Lega

We propose a computationally efficient theoretical model for low-coherence interferometric profilers that
measure surface heights by scanning the optical path difference of the interferometer. The model
incorporates both geometric and spectral effects by means of an incoherent superposition of ray bundles
through the interferometer spanning a range of wavelengths, incident angles, and pupil plane coordi-
nates. This superposition sum is efficiently performed in the frequency domain, followed by a Fourier
transform to generate the desired simulated interference signal. Example applications include white-
light interferometry, high-numerical-aperture microscopy with a near-monochromatic light source, and
interference microscopy for thickness and topography analysis of thin-film structures and other complex
surface features. © 2004 Optical Society of America

OCIS codes: 120.3180, 120.3940, 120.6650, 150.6910.
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. Introduction

ow-coherence interference microscopy has grown to
e the dominant optical technique for the measure-
ent of surface profiles and roughness of small parts.
canning the interference objective orthogonally to
he surface generates an interference signal with a
ocalized fringe contrast that removes fringe order
ncertainty. In this way, a height-scanning inter-
erometer �also called a scanning white-light or
ertical-scanning interferometer� profiles discrete
tructures such as steps, trenches, and disconnected
urface features with nanometer-level resolution
ver height ranges of millimeters. Evaluation tech-
iques extend from Fourier analysis1,2 to measure-
ents of peak fringe contrast.3,4

Although most often characterized as a white-light
echnique, height-scanning interferometry more gen-
rally incorporates geometric effects related to an
xtended source and the numerical aperture �NA� of
he objective.2 With a high NA and a diffuse source
mage in the pupil plane, even near-monochromatic
llumination provides sufficiently narrow coherence
or surface metrology by use of what are commonly
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hought of as scanning white-light techniques. Bie-
en has emphasized this point by showing that a
onochromatic, high-NA measurement followed by a
hite-light measurement provides a means of mea-

uring the phase change on reflection of materials.5
In most cases in interference microscopy, both the

ource geometry and the spectrum contribute percep-
ibly to the variation in fringe contrast during the
can. Although this is well known, common theoret-
cal treatments in the literature neglect the contribu-
ion of source geometry for simplification and treat
he system as a pure white-light interferometer with
collimated beam in object space. Although concep-

ually adequate for low-magnification objectives, this
implification does not correspond to actual practice
n microscopy.

In this paper we provide a computationally efficient
athematical framework appropriate for numerical

valuation of height-scanning interferometers. In
he model, spatial and temporal coherence together
lay a role in shaping the interference signal. We
bserve important limit cases at the high-NA and
hite-light extremes and interesting behavior when
oth high NA and broad bandwidth are present si-
ultaneously. Experimental data confirm the accu-

acy of the theoretical model for practical analysis of
eal systems.

. Physical Model

igure 1 illustrates the basic features of an interfer-
nce microscope based on a Mirau objective—a com-
on choice for high-NA imaging. The object has
September 2004 � Vol. 43, No. 25 � APPLIED OPTICS 4821
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eight features h that vary over the object surface.
mechanical stage provides a smooth, continuous

can � of the interference objective. During the scan,
computer records intensity data I��� for each image
oint or camera pixel in successive camera frames.
A full physical model can be elaborate, taking into

ccount the partial coherence of the light source, po-
arization mixing in the interferometer, the imaging
roperties of high-NA objectives, and the interaction
f electric field vectors at high angles of incidence and
n the presence of discontinuous surface features.

e elect here to simplify the model by assuming a
andomly polarized, low-coherence extended source
nd a smooth surface that does not scatter or diffract
ncident light. The total signal is the incoherent
um of the interference contributions of all the ray
undles passing through the pupil plane of the objec-
ive and reflecting from the object surface at an inci-
ent angle �, as shown in Fig. 2. A similar starting
oint has precedence in the literature, including pa-
ers by Davidson et al.,6 Kino and Chim7 and Shep-
ard and Larkin.8

. Interference Signal

ollowing the usual two-beam interference analysis,
he interference contribution for a single ray bundle
hrough the optical system is proportional to

g��, k, �� � R � Z � 2�RZ cos�2�k�h � ��

� �� � ��	 , (1)

ig. 1. Interference microscope physical model. PZT, piezoelec-
ric transducer.
822 APPLIED OPTICS � Vol. 43, No. 25 � 1 September 2004
here Z is the effective object intensity reflectivity,
ncluding, e.g., the transmissivity of the beam split-
er, R is the effective reference reflectivity, including
oth the beam splitter and the reference mirror; and
e assume a refractive index of 1 for the ambient
edium. The directional cosine � for an incident

ngle � is

� � cos���, (2)

nd the angular wave number k for a source wave-
ength 
 is

k � �2��
�. (3)

he phase term in Eq �1� has a contribution � for the
bject path in the interferometer, including any
hase change on reflection from the object surface,
nd a contribution � for the reference path, including
he reference mirror and other optics in the objective.
n the general case, Z, R, �, and � all vary with
irectional cosine � and angular wave number k.
The total interference signal for a single scan po-

ition � is the integral over all points in the pupil
lane and over all wavelengths for the ray bundle
ontributions g ��, k, ��:

I��� � �
0




�
0

1

g��, k, ��U���V�k��d�dk, (4)

here U��� is the intensity distribution in the pupil
lane of the objective and V�k� is the optical spectrum
istribution. The extra weighting factor � in Eq. �4�
ollows from a cos��� term attributable to the projec-

ig. 2. Geometry of a single ray bundle illumination and imaging
hrough an objective obeying the sine condition. The focal length
s normalized.
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ion angle and a sin��� term for the diameter of the
nnulus of width d� in the pupil plane:

cos���sin���d� � ��d�. (5)

e assume that the objective obeys the Abbe sine
ondition as shown in Fig. 2.

Certain simplifying assumptions often permit di-
ect evaluation of Eq. �4�. The most common simpli-
cation is to assume a point source in the center of
he pupil plane �U � 0 for � � 1�, equivalent to a low
A illumination, and a Gaussian spectrum. In the
ore general case of an extended source and a more

omplicated source spectrum, Eq. �4� implies a nu-
erical integration. This general numerical calcu-

ation can be intensive and time-consuming. For
xample, use of 64 values each for both k and � and
range of 256 individual scan positions �, a numer-

cal evaluation requires over 106 calculations of the
ntegrand of Eq. �4� for each pixel. If we wish to
imulate signals for an entire 1000 � 1000 pixel im-
ge, 112 calculations are involved, which by any mea-
ure is a significant computational burden.
A first goal therefore of the modeling task is to

erive a more computationally efficient way of simu-
ating the interference intensity signal I���.

. Simplification by Frequency Analysis

or most applications of interest in common height-
canning interferometric microscopes, the most rap-
dly varying factor in the integrand of Eq. �4� as a
unction of k and � is the quasi-periodic interference
ontribution g��, k, ��. This factor in turn is modu-
ated most rapidly by the product 2�k in the phase
erm, which we can redefine physically as the spatial
requency �̂ of the interference contribution g��, k, ��
hat we generate by scanning orthogonally to the
ample surface:

�̂ � 2�k. (6)

his spatial frequency �̂ is the angular rate of change
f the phase term of g��, k, �� as a function of the scan
oordinate �. In the integration, various combina-
ions of � and k result in the same spatial frequency
ˆ. One way to simplify Eq. �4� therefore is to recast
he calculation in terms equivalent to these spatial
requencies. As we now show, the numerical calcu-
ation of the intensity signal I��� can then be more
fficiently expressed as a fast Fourier transform of
he frequency-domain spectrum q�K� of the signal,
here K is the frequency coordinate of the trans-

ormed data.
The first step to simplify the analysis is the some-
hat counterintuitive step of Fourier transforming
q. �4�, leading to a triple integral that defines q�K�:

q�K� � �
0




�
0

1

U���V�k�

� ��
�





g��, k, ��exp�iK��d���d�dk. (7)
1

fter expansion of the cosine term in g ��, k, �� in the
sual way,

2 cos��̂� � . . .� � exp�i�̂� � . . .�

� exp� � i�̂� � . . .�, (8)

nd using the Dirac delta function,

��K � �̂� � �
�





exp��K � �̂�i�	d�, (9)

he inner integral over � evaluates to

�
�





g��, k, ��exp�iK��d� � ��K��R � Z�

� ��K � �̂��RZ exp�i�̂h

� i�� � ��	

� ��K � �̂��RZ exp

� � � i�̂h � i�� � ��	.
(10)

he � functions underscore that the mathematically
eneral frequencies K of the Fourier decomposition
elate to the spatial frequency �̂ defined by Eq. �6�.
logical change of variables in Eq. �7� for the second

nner integral at constant k is therefore

� � �̂�2k, (11)

d� � d�̂�2k. (12)

fter we use Eq. �10�, Eq. �7� becomes

q�K� � �
0




�
0

2k

��K��R � Z��d�̂dk

� �
0




�
0

2k

��K � �̂��RZ exp�i�̂h � i��

� ��	�d�̂dk � �
0




�
0

2k

��K � �̂��RZ

� exp�� i�̂h � i�� � ��	�d�̂dk, (13)

here we gathered the weighting terms as

���̂, k� � U����̂, k�	V�k��̂�4k2. (14)

lthough for compactness we did not note the depen-
encies explicitly in Eq. �13�, it is understood that Z,
, �, �, and � all vary with spatial frequency �̂ and
avelength k.
The presence of Dirac functions in the integrands of

q. �13� implies that further symbolic analysis is
September 2004 � Vol. 43, No. 25 � APPLIED OPTICS 4823
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alled for, eventually leading to the following simpli-
cation �see Appendix A�:

q�K� � ��K� �
0




�
��2




�R � Z��dkd�̂

� H�K�exp�iKh ��
K�2




��RZ exp�i��

� ��	���̂��K dk � H� � K�exp�� iKh�

� �
�K�2




��RZexp� � i�� � ��	���̂��K dk, (15)

here H is the unitless Heaviside step function de-
ned by

H�u� � �0 for u � 0
1 otherwise . (16)

he calculation of the frequency-domain representa-
ion of the interference signal has now been reduced
o one double integral for the dc term �K � 0� and to
ingle integrals over k for all other spatial frequencies
K� 0�. This is a substantial simplification in terms
f the number of numerical evaluations.
The incoherent superposition model accommodates

olarization when the resulting Fourier components
�K� are summed for s- and p-polarization contribu-
ions. Writing this explicitly for fully random polar-
zation,

q�K� � qs�K� � qp�K�, (17)

here the s and p subscripts in Eq. �17� refer to Eq.
15� with all the relevant parameters calculated for
he corresponding polarization state, including the
ample reflectivity, the beam splitter, and so on.
The final calculation of the interference signal is

ow an inverse Fourier transform:

I��� � �
�





q�K�exp� � iK��dK. (18)

lthough this is another integral, it can be evaluated
y a numerical fast Fourier transform and is there-
ore of low computational burden.

. Numerical Integrations

he advertised benefit of Eq. �15� is computational
fficiency. To illustrate this, the integrals are re-
laced with sums as follows:

q0 ��
K�0
�

k�K�2
�R � Z��, (19)

q�K � 0� � exp�iKh� �
k�K�2

�RZ exp�i�� � ��	�. (20)

f the N discrete samples for I��� are spaced by an
ncrement � , there will be N�2 � 1 positive spatial
step

824 APPLIED OPTICS � Vol. 43, No. 25 � 1 September 2004
requencies starting from zero and rising to N�2 cy-
les per data trace, spaced by an increment

Kstep �
2�

N�step
. (21)

nless the spectral bandwidth and or the range of
ncident angles is exceptionally large, only a fraction
f the total frequency range is needed to fully char-
cterize the signal. There are therefore only a few
elevant K values for which q�K� is nonzero. For
xample, if we acquire data at a nominal rate of eight
amera frames per interference fringe, this is a spa-
ial frequency of N�8 cycles per data trace in a nu-
erical fast Fourier transform. Assuming quite

afely that the source bandwidth is no greater than
he nominal mean wavelength itself, there would
e � N�8 values to calculate by use of Eq. �20�. In
he example following Eq. �5�, if there are N � 256
ndividual scan positions, the number of relevant K
alues will be 32, and if we employ 64 angular wave
umbers k in the numerical integration, there are
048 calculations each for Eqs. �19� and �20�, or of the
rder of 200� fewer complex calculations then a di-
ect numerical evaluation of Eq. �4�. Even after we
actor in the cost of the inverse Fourier transform,
his substantial relief in computation makes it more
ractical to perform full-field simulations of signals in
ow-coherence interferometry.

. Limit Cases

t is worthwhile to consider the limit cases of colli-
ated white-light �temporal coherence limit� and
igh-NA monochromatic illumination �spatial coher-
nce limit�. Along with verifying Eq. �13�, these
imit cases provide insight into the frequency-domain
ortrait of the interference signal.
For both of these limit cases, as a first simplifying

tep, let us assume that the phase contribution �� �
� � 0 for all K, k and that the reflectivities R, Z are

ndependent of incident angle and wavelength, so
hat the integrals in Eq. �13� simplify to

q�K� � ��K��R � Z��
0




�
�̂�2




���̂, k�dkd�̂

� H�K�exp�iKh��RZ �
K�2




��K, k�dk

� H��K�exp�� iKh��RZ �
�K�2




���K, k�dk.

(22)

ow we have only to handle integrals involving the
eighting factor ���̂, k� defined in Eq. �14�.
The most familiar limit case is for collimated white

ight. The illumination angle for this case is � � 0,
nd consequently the pupil plane function is

U��� � ��� � 1�. (23)
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ewriting in terms of k,

U�K, k� � ��K�2k � 1�. (24)

sing the mathematical identity

�� f �k�	 �
��k � ��

�df�dk�k��
, (25)

here � is the root of f �k�, we have

��K, k� �
K2

8
V�k�

k2 ��k � K�2�. (26)

he integrals simplify through the delta function to

q�K� � ��K�
�R � Z�

2 �
0




V��̂�2�d�̂

� H�K�
�RZ exp�iKh�

2
V�K�2�

� H� � K�
�RZ exp�� iKh�

2
V��K�2�. (27)

ooking at the positive, nonzero portion of the spec-
rum, we see that the magnitude of the Fourier coef-
cients are directly proportional to the source
pectral distribution V:

�q�K � 0�� � V�k�, (28)

here, as expected, at normal incidence the fre-
uency K is twice the angular wave number k: k �
�2. Relation �28� is the familiar result that there is
Fourier-transform relationship between the inter-

erence signal and the emission spectrum of the
hite-light source, as Fig. 3 illustrates for a Gaussian

pectrum.
The opposing limit is an extended monochromatic

ight source. This can be represented by a delta

ig. 3. Theoretical Fourier magnitude for height-scanning inter-
erometry in the limit of a white-light source and collimated object
llumination. The magnitude curve follows that of the emission
pectrum of the source.
1

unction spectrum for a nominal angular wave num-
er k0:

V�k� � ��k � k0�. (29)

quation �22� readily simplifies to

q�K� � ��K��R � Z� �
0




�̂U��̂�2k0�d�̂

� H�K�H�k0

� K�2�
exp�iKh��RZ

4k0
2 KU�K�2k0�

� H��K�H�k0 � K�2�

�
exp�� iKh��RZ

4k0
2 KU��K�2k0�. (30)

ooking once again at the positive, nonzero portion of
he spectrum, we see that the magnitude of the Fou-
ier coefficients are now proportional to the function

weighted by the spatial frequency K:

�q�K � 0�� � �U���, (31)

here the spatial frequency K is proportional to the
irectional cosine �: � � K�2k0. This less familiar
esult reveals a Fourier-transform relationship be-
ween the interference signal and the cosine of the
llumination angle, as Fig. 4 illustrates for a uni-
ormly filled pupil.

It is interesting to compare the resulting simulated
ignals assuming a relative scan frequency band-
idth of�K�K� 0.2 for both limit cases. Figure 5�a�

hows the white-light limit, with a low-NA system
lluminated by a broadband 100-nm Gaussian emis-
ion spectrum centered at 500 nm. Figure 5�b�
hows the opposite, narrow-bandwidth case, for

ig. 4. Theoretical Fourier magnitude for height-scanning inter-
erometry in the limit of a spatially incoherent, monochromatic
ource uniformly filling the pupil plane. The magnitude curve
ollows the distribution function of the pupil plane illumination,
ere a top hat, weighted by the spatial frequency, which is pro-
ortional to the directional cosine of the object illumination.
September 2004 � Vol. 43, No. 25 � APPLIED OPTICS 4825
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hich the fringe contrast variation is dominated by
n extended source filling a 0.6-NA pupil �directional
osine range from 0.8 to 1.0�. An example of a useful
pplication of this near-monochromatic source limit
s stroboscopic interferometry, which is most effective
ith a laser diode or narrow-bandwidth light-

mitting diode �LED� source that can be modulated at
igh speed.9,10

The plots show nearly the same coherence length
or the two limit cases, with the differences between
he two plots being related to the apodization of the
requency spread—the Gaussian spectrum is
moothly tapered whereas the pupil plane illumina-
ion is abruptly cut off by the NA of the system,
eading to ringing. With appropriate apodization in
he pupil plane, the two limit cases can be made to
ook nearly identical, although the high-NA case will
lways have a lower mean spatial frequency �with
roader fringes�.

. Thin Films

ost successful interference microscope profilometry
pplications today are for single material surfaces.
or these cases, using the Fresnel equations in the
sual way,11 one can calculate an amplitude reflec-
ivity z that for the simplest case of an ideal beam
plitter fully defines the reflectivity Z and phase shift
for the measurement path:

Z��, k� � � z��, k��2, (32)

���, k� � arg� z��, k�	. (33)

ere again, the incoherent superposition model ac-
ommodates the dependency of the reflection coeffi-

ig. 5. Height-scanning interference signal simulations for a
00-nm light source: �a� broad 100-nm bandwidth and a more
arrowly collimated 0.2-NA illumination; �b� narrow 20-nm Gauss-

an bandwidth and a wide, uniformly filled 0.6-NA pupil.
826 APPLIED OPTICS � Vol. 43, No. 25 � 1 September 2004
ient z on polarization by summation of the resulting
ourier components for s- and p-polarization contri-
utions �Eq. �17�	.
A more challenging situation for an interference mi-

roscope is an object comprised of partially transparent
hin-film layers. Such samples are being delivered
ith increasing frequency to the optical metrology lab-

ratory as thin-film nanostructures such as microelec-
ro mechanical system devices, flat-panel display
ixels, and patterned semiconductors that extend their
ominance in high-technology applications.
A straightforward example is a single-layer film

eposited on a substrate. The amplitude reflectivity
becomes12

z��, k� �
� � �� exp�2ikL�����n�	

1 � ��� exp�2ikL�����n�	
, (34)

here L is the thickness of the film, n�, is the index of
he film, � is the reflectivity of the air–film interface,
� is the reflectivity of the film–substrate interface,
nd

����� � �1 � �1 � �2��n�2	1�2 (35)

s the directional cosine of propagation within the
lm.
The interference signal generation for a single-

ayer thin film is quite interesting and has a few
urprises when we consider the effects of illumination
eometry. Figure 6 compares the results with var-
ous sources for a 2- m layer of a hypothetical dielec-
ric film of index n� � 2 on a substrate of index 4.
igure 6�a� shows that, with the white-light illumi-
ation, there are two distinct signals corresponding
o the two interfaces. The film appears to be twice
he physical thickness, the optical thickness being
n�. The signals are well separated, and one can
nalyze each of them separately to determine the
rofile of each interface, taking into account the fac-
or n� in translating from optical to physical thick-
ess.13,14 Figure 6�b� shows that, for monochromatic

ight and a high-NA objective, there are again two
ignals, but this time they are much closer together
han in Fig. 6�a�. Here the apparent thickness is
ctually inferior to the physical thickness by approx-
mately a factor of 2. We can understand this by
ikening the geometric limits on coherence to a focus
ffect: The best focus position appears to be shifted
loser to the objective when passing into a medium of
igher index.
Finally we consider both high-NA and a broad spec-

ral bandwidth together. Figure 6�c� shows that, in
he competition between spatial and temporal coher-
nce for positioning the substrate reflection, the sub-
trate loses. The two coherence phenomena oppose
ach other and there is almost no modulation left for
he substrate reflection.

. System Imperfections

any of the most common system errors in an inter-
erence microscope can be efficiently modeled by their
requency-domain characteristics.
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As an example, a nonlinear chromatic dispersion
esulting from an imbalance in refractive materials
etween the measurement and the reference paths
an be modeled as

��k� � �0 � �k � k0�
2�, (36)

here � is the second-order phase dependence of �.
s illustrated in Fig. 7, this aberration leads to a
roadening of the fringe contrast envelope. A simi-
ar envelope broadening for interference patterns
hat are limited by spatial coherence can be attrib-
ted to a nonlinear dependence of the system phase �
n the directional cosine �, which can result from
ptical aberrations.
Another example of a system imperfection is the

ignal integration time of the camera, which has the
ffect of averaging the signal over a range of scan
ositions. This often-called integrating bucket can
e modeled as the convolution of a rectangular boxcar
indow with the signal. In the frequency domain,

he convolution becomes the product of the Fourier
oefficients q with a sync function.

B�K� �
sin�K�step�2�

K� �2
, (37)

ig. 6. Height-scanning signal simulations for a 2- m-thick film
f index 2 deposited on a substrate of index 4, viewed with a
00-nm center wavelength: �a� broad 200-nm Gaussian band-
idth, narrow 0.28-NA illumination; �b� narrow 5-nm bandwidth,
ide 0.80-NA illumination; �c� both broad 200-nm bandwidth and
ide 0.80-NA illumination.
step

1

here �step is the scan increment between data
rames, as defined above for Eq. �21�. The effect of
his time integration is to dampen the contribution
rom the higher spatial frequencies, as well as to
educe overall fringe contrast. A similar analysis
escribes the spatial-frequency-dependent fringe
ontrast loss in a stroboscopic interferometer.15

Many system imperfections are field dependent.
relevant example is linear dispersion in the system

hase �, which changes the phase of the underlying
arrier in the interference signal with respect to the
ringe contrast envelope. The field dependence of
he system phase behavior complicates the determi-
ation of fringe order.16 Modeling this phenomenon

ig. 7. Coherence broadening effect of nonlinear chromatic dis-
ersion: �a� no dispersion, 500-nm, 100-nm bandwidth light
ource; �b� same source characteristics but unbalanced quadratic
ispersion � � 0.2  m2 �!0.8 fringe over the full spectrum� in the
nterferometer.

ig. 8. Measured spectrum of a white-light LED source, nomi-
ally centered at 556 nm with a bandwidth of 62 nm, used for the
xperimental data acquisition in Fig. 9
September 2004 � Vol. 43, No. 25 � APPLIED OPTICS 4827
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ver the full image field is an example of where com-
utational efficiency of Eqs. �19� and �20� is a sub-
tantial benefit.

. Experimental Verification

s a first verification of the model we view a solid-
urface SiC flat using a 100�, 0.78-NA Mirau objec-
ive in a microscope with a white-light LED having
he emission spectrum shown in Fig. 8. The combi-
ation of a 62-nm emission bandwidth and wide NA
epresents a realistic situation for which both source
eometry and spectrum influence fringe localization.
o keep it simple, we assume �and attempt experi-
entally� a uniform illumination of the pupil, thus
��� � 1 within the NA of the objective and outside

he central Mirau obscuration and is zero elsewhere.

ig. 9. Comparison of experimental and theoretical interference
ignals for a solid surface. The sample is a SiC optical flat, the
hite-light source spectrum is as in Fig. 8, and the Mirau objective
as an unobscured NA range from 0.27 to 0.78.

ig. 10. Comparison of experimental and theoretical interference
ignals for a thin-film sample. The sample is 1025 nm of SiO2

index 1.45 on Si, the 498-nm LED source has an approximately
aussian spectral bandwidth of 27 nm, and the Mirau objective
as an unobscured NA range from 0.27 to 0.78.
828 APPLIED OPTICS � Vol. 43, No. 25 � 1 September 2004
e treat the interference objective as having a per-
ect 50�50 beam splitter with a fixed value for the
eference path phase shift �, and we allow the signal
trength and an average value of the phase offset � to
e adjustable parameters in comparing experiment to
heory. Figure 9 shows excellent agreement with
xperimental data, indicating that the simple inco-
erent superposition model is sufficient to simulate
he main features of interference signals in practical
pplications.
For a thin-film example, we elect the same 100�,

.78-NA Mirau objective as for Fig. 9 but exchange
he light source for a narrow 27-nm bandwidth LED
entered at 498 nm. Once again we can observe in
ig. 10 a satisfying agreement between experiment
nd theory. The results are so close that the differ-
nce is difficult to quantify by inspection of the signal
tself. A comparison in the frequency domain, how-
ver, is more revealing. Figures 11 and 12 show

ig. 11. Comparison of the experimental and theoretical Fourier
pectrum magnitudes for the thin-film sample signal shown in Fig.
0.

ig. 12. Comparison of the experimental and theoretical Fourier
pectrum phases for the thin-film sample signal shown in Fig. 10.
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mportant characteristic features of thin films, in-
luding nonlinearities in Fourier magnitude and
hase that can be associated with material index and
lm thickness.2,17 Moreover, small discrepancies
etween theory and experiment show up more clearly
n the frequency domain. In more detailed model-
ng, we attributed these discrepancies in part to var-
ous attributes of the Mirau objective, including the
olarizing properties of the Inconel beam splitter.
his is precisely what we are looking for as an out-
ome of the modeling—a means of evaluating system
erformance by comparing theory with experiment.

0. Conclusions

ur research shows that an incoherent superposition
odel accurately predicts the main features of the

nterference signal generated in a height-scanning
nterferometer, including effects related to both the
llumination geometry and the range of source wave-
engths. The computational efficiency of our Fourier
pproach facilitates complex numerical modeling, in-
luding field-dependent effects and system imperfec-
ions, at relatively high speed. This calculation
rovides insight into the key characteristics of the
ignal for various geometries and surface types, in-
luding thin-films structures.

ppendix A: Derivation of Equation �15�

n the text we derive the following expression for the
ourier components of a low-coherence interference
ignal �see Eq. �13�	:
w

t
t

q�K� � �
0
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0
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0
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0

2k

��K � �̂��RZ

� exp�� i�̂h � i�� � ��	�d�̂dk. (A1)

hese integrals can be further simplified when we
ote the following properties of the product of a delta

unction � with an arbitrary function f ��̂, k� in a
1

efinite integral and use the Heaviside function to
ecast the integration limits:

�
0

2k

��K� f ��̂, k�d�̂ � ��K��
0




H�2k

� �̂� f ��̂, k�d�̂, (A2)
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(A3)

0

2k

��K � �̂� f ��̂, k�d�̂ � H�K� f ��K, k�H�2k � K�.

(A4)

sing Eqs. �A2�–�A4�, Eq. �13� becomes

q�K� � ��K� �
0
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0
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0
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� ��	�dk � �
0




H�K�H�2k � K��RZ

� exp�� i�̂h � i�� � ��	�dk. (A5)

ow using
e have the desired result:

q�K�� ��K� �
0
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� H�K�exp�iKh� �
K�2
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��RZ exp�� i�� � ��	���̂��K dk. (A9)
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