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An improved approach to interferometry using sinusoidal phase shifting balances several harmonic
components in the interference signal against each other. The resulting computationally efficient phase-
estimation algorithms have low sensitivity to errors such as spurious intensity noise, vibration, and er-
rors in the phase shift pattern. Specific example algorithms employing 8 and 12 camera frames illustrate
design principles that are extendable to algorithms of any length for applications that would benefit from

a simplified, sinusoidal phase shift.
OCIS codes:

1. Introduction

Interferometers for distance measurement and sur-
face profiling often employ a phase shifting technique
to determine interference phase [1]. An alternative to
the conventional linear phase shift is a sinusoidal
phase shift, which has the benefit of relaxing require-
ments on the phase shifting device. A sinusoidal
phase shift is easier to implement in many practical
systems, and facilitates high-speed, continuous data
averaging, which increases performance in the pre-
sence of electronic, optical, and environmental noise.

Algorithms for sinusoidal phase shifting interfero-
metry (sinusoidal PSI) have a form similar to the
more familiar linear phase shifting interferometry
(linear PSI) algorithms. A pioneering example is
the Sasaki four-frame sinusoidal PSI algorithm
published in 1987, which reads
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where the lg.1.,.3 are interference intensity samples
acquired sequentially during a complete sinusoidal
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phase shift cycle [2,3]. From the appearance of this
algorithm, it is clear that sinusoidal PSI does not pre-
sent any special computation problems when com-
pared to linear PSI, which employs algorithms of
the same basic form. Indeed, sinusoidal PSI has been
shown to be effective for various instruments from
Fizeau interferometers [4] to interference micro-
scopes [5,6]. Nonetheless, sinusoidal PSI has not en-
joyed nearly the same popularity as linear PSI. Part
of the reason for this is the vast literature on linear
PSI and the extensive catalog of error-compensating
algorithms that have grown out of this analysis.

The present work takes a second look at sinusoidal
PSI, with the goal of developing a class of error-
compensating algorithms to enhance its range of ap-
plication [7,8]. Error compensation is achieved by
summing the contributions of several of the harmo-
nic components of the interference signal in a way
that automatically balances error contributions.
The conclusion is that sinusoidal PSI can be signifi-
cantly improved in robustness while retaining the
benefits of simplified phase shifting.

2. Sinusoidal Phase Shifting

The laser Fizeau interferometer of Fig. 1 serves as an
example instrument for developing the concepts for si-
nusoidal phase shifting. The instrument determines a



Fig. 1. LaserFizeauinterferometer for optical testing. Mechanical
motion of approximately 1 micron excursion introduces controlled
phase shifts while the camera captures a sequence of interference
patterns.

height h at multiple positions in the field of view from
the interference phase 6 at a wavelength A:

0 Y4 4nh=A: 02b

The phase is detected from the detected interference
intensity

138; tb ¥4 qF1 p V cosib p ¢atPig; 03p

where V isthe fringe visibility, g is the average inten-
sity, and ¢otp is a controlled phase shift. In sinusoidal
PSI, the phase shift can be expressed as a cosine of
amplitude u:

$atP ¥4 u coshadth p QL] 04b
where
ootb ¥ 2nft: d5p

Here f isafrequency and ¢ is a timing offset related to
the triggering of the phase shift with respect to the
camera. | have chosen a cosine instead of a sine in
Eqg. (4) so that the phase shift is symmetric about zero
when the timing offset ¢ is zero, as shown in Figs. 2
and 3.

Using the phase a in place of the time variable, the
intensity in Eq. (3) expands to

100; ab ¥4 g p qV c0sdbP cosidpdabF qV sindbPb sinkpdabl]
a6b

From the real and imaginary parts of the Jacobi—
Anger expansion [9],

[<4]

exphiu cosdab¥a Jgdub p 2 iVJ,0ub cosdvop; 7P
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the intensity (6) is rewritten as

100; ab 2 qD3Bb p qV cosdBPCdab p qV sindBpSdab;
a8b

where

Ddbb ¥ 1 p V J0ub cosoop; 09p

Fig. 2. Sinusoidal phase shift ¢dap for a phase shift amplitude u ¥4
mand ¢ ¥ 0.

Sdab ¥4 2 3—1pP1=2 3 §ub cosivia o @bl 310p
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and the J, are Bessel functions, as shown in Fig. 4.
The time-dependent portion of the intensity signal is
therefore a sum of harmonics v of the fundamental
phase shift frequency.

Detection of the intensity signal requires collecting
photons over a dwell time or integrating bucket, ef-
fectively averaging the signal over a portion of the
phase shift. The mean value of the intensity at the
phase shift phase o averaged over the interval B is

app=2
180; ob Va 180; o’pda’;

a—p=2

012p

where 139; op is the instantaneous intensity as given
by Eqg. (8), and o' is the variable of integration over

Fig. 3. Interference signal 1dob resulting from the sinusoidal
phase shift ¢dap shown in Fig. 2 for an interference phase 6 ¥ n=2.
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Phase shift amplitude
Fig. 5. Variation in the normalized filter functions Foyq=I"yqq and
Feven=Teven @s @ function of the sinusoidal phase shift amplitude u
for the 4-frame sinusoidal PSI algorithm in Eq. (43). The design
amplitude ugp is shown by the vertical line at 2:35 rad.

As a first example, an 8-frame algorithm shows
how to include just one additional harmonic to
achieve a significant improvement. To detect and
balance harmonics v>2, a Aa¥% =4 step moves
the Nyquist frequency from 2 to 4, giving us greater
control over the relative weighting of the first and
third harmonics. The data acquisition pattern as
illustrated in Fig. (6) is now

a; Ya jn=4 p n=8 044b
for j ¥ 0;1...7. Using Eq. (21) for the first, second,
and third harmonics,

1
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Cq Ya cosom=8p; 048p
Q3 Ya c0S33m=8p: 049b

We choose the weights y, and the design amplitude
Ug either by mathematical optimization or interactiv-
ity, using a real-time visual display of F,y40ub and
FevendUpP. A convenient starting point for the 8-frame
algorithm is to set

Y1 Y4 —4G3=0¢2 b ¢2b; 350p

P
Vo Ya—4 2; 851p

Y3 Y 4¢1=8¢2 p G3p; 352b

so that we have simple, integer-coefficient vectors

Moag 490 -1 1 0 0 1 -1 0p; 853

heven ¥%20-1 1 1 -1 -1 1 1 -1b: 054b
The next step is to choose a phase shift excursion ug
that at the same time provides high signal strength
and stable agreement between the normalized func-
tions Fygg=loqq @Nd Feyen=leven Near the design am-
plitude ug. A value near ugy % 2:93 is close to the
maximum values of F4q=I,qq and Feyen=even and
at the same time provides a match for the derivatives
of these two functions. The normalizations from
Egs. (32) and (33) are

[Modq Y4 2:9432; §55b
[Meven ¥4 4:8996; 056b
Meven=oqq ¥4 1:6647: 057b

Using the inherent symmetry of the data acqui-
sition (see Fig. 6), the phase estimation in Eq. (31)
simplifies to

1:6647389, — gob

tandbb Y. ;
4—gobgl bg,-0;

d58p

where we average symmetric camera frames
according to

g valj b 17 j%0;1;2;3: 059p
The behavior of Fygq0ub and Feyendub shown in Fig. 7
confirms that the 8-frame sinusoidal PSI algorithm
using three harmonics v%1;2;3 is much more
stable with phase shift amplitude u than an algo-
rithm based on only the two harmonics v ¥% 1;2.
Specifically, the first derivatives of Fyyq=I,qq and
Feven=Ieven are identical at ug for Fig. 7, whereas they
are opposite for Fig. 5. One consequence is that the
phase error for the 8-frame sinusoidal PSI algorithm
with a phase shifter calibration error of 10% is only
0:34°rms compared to 5°rms for the 4-frame algo-
rithm, an improvement of more than an order of
magnitude.

Following a similar interactive optimization, the
following 12-frame algorithm based on the first five
harmonics, v ¥ 1;2::5, has a phase increment Aa ¥
n=6 and a sampling offset ay ¥4 1=12:
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Table 3. Error in nm rms Over a Full Phase Cycle at 633 nm
for a 1% Phase Shift Nonlinearity of Order n

Frames nva2 nva3 nv%4
4 0.14 0.22 0.04
8 0.19 0.12 0.13
12 0.01 0.04 0.02

where Al refers to the deviation with respect to a
linear fit to the detected signal I, and q is the mean
intensity. Note that C is the peak—valley (P-V) depar-
ture from linear over the full dynamic range of the
detector.

Detector nonlinearity is a particularly complex er-
ror source in sinusoidal PSI, generating a large spec-
trum of harmonics. Table 2 shows a significant
improvement in resistance to quadratic nonlinearity
when using the 12-frame sinusoidal PSI algorithm
compared to the 4-frame algorithm. The improve-
ment relates to constructing the algorithm so that
the filter functions F4q, Feven are both zero at twice
the design phase shift amplitude u % 2u, (see Fig. 8).
Suppression of the cubic nonlinearity sensitivity is
also possible by suppressing Fygq, Feven @t u ¥ 3ug,
using an algorithm with >12 camera frames per si-
nusoidal phase shift cycle to bring more harmonics
into the algorithm design.

E. Phase Shift Nonlinearity

A heavily loaded mechanical phase shifter or low-
voltage piezoactuator can have a nonlinear response,
leading to a distorted phase shift. Similarly to
Eg. (70), a nonlinear phase shift may be written as
a polynomial of order n = 2 using

-hpi 2_1 ¢-hgi "

1
A ¥aug u 2 u '

071b

where A¢ refers to the deviation with respect to a
linear fit to the desired phase shift ¢, hoi is the mean
phase, u is the phase shift amplitude, and { is the P—
V departure from linear. The results of numerical cal-
culations for phase shift nonlinearity in Table 3 once
again show significantly improved performance with
error-compensating sinusoidal PSI.

8. Discussion and Conclusion

Sinusoidal PSI is of greatest interest when the limit-
ing hardware is the phase shift mechanism. A rele-
vant application is high-speed, continuous data
averaging with a mechanical phase shifter or any
other device with limited frequency response. The si-
nusoidal shift pattern in such a case may be prefer-
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able to a sawtooth or triangular pattern that would
be required for linear phase shifting.

The error analyses in this paper serve to illustrate
the benefits of an algorithm design method for sinu-
soidal PSI based on the concept of balanced signal
harmonics as described in Section 4 and an optimi-
zation tool based on the filter functions as described
in Section 5. The results show that equivalent mea-
surement performance is achievable with sinusoidal
PSI in place of linear PSI for practical systems.

As a final note, an alternative approach described
recently by Falaggis et al. relies on sampling the in-
terference intensity during the approximately linear
portions of the sinusoidal phase shift, enabling the
use of more established linear phase shift algorithms
[13]. This alternative also offers unique advantages
for certain applications, depending on interferometer
design and on the expected error sources.
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